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We consider a2 method for determining the sound field in a two-dimensional lay-
er, The method we present combines the usual method of reflected plane waves
with a summation from graphs, It makes it comparatively easy to take into ac-
count the complex interference pattern due to the transformation of the various
waves at the boundaries of the layer and to obtain integral relations for the sound
potentials, When the layer thickness tends to infinity, the problem reduces to one
concerning the reflection of sound waves at the interface of two media, We study
the potentials of normal waves in the case of a harmonic source in a solid,

1, Fundamental relations, The field of a cylindrically symmetric point ra-
diator with its axis perpendicular to the plane of the layer (Fig, 1) can be described by
the potential ¢ of the shear waves, polarized in the plane of incidence, and by the po-
tential ¢ of the compression waves, which satisfy corresponding wave equations [1-3],
Here the rotating shear stresses applied to the lateral surface of the cylinder are not ta-
ken into account, These potentials are expanded in terms of plane waves and, along with
a Fourier integral expansion of their temporal parts, and they have the form
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(the analogous expression for  contains the function g, (¥3) instead of the function
fo (¥9) and the z-projection of the wave vector x cos 7 instead of k cos @ in the second
term of the exponent), Here ¢ is the speed of a compression wave in the solid and &
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and x are, respectively, the wave vectors of longitudinal and shear waves, The angles

9 and v are connected by the relation & sin ¢ = x sin 1. The functions f, (k, ) and
2o (k, ) are determined from the conditions of equilibrium on the boundary of the radi-
ator and the medium [1, 4], The plus sign in the exponent is chosen when z — z, > 0
and the minus sign when z — z, < 0. For definiteness we assume that the first of these
inequalities is satisfied,

2, Method of graphical wave summation, In [4] the process of plane
wave propagation in a solid was represented graphically by the scheme shown in Fig, 2.
In what follows, we propose to associate to each graph of this scheme real analytic ex-
pressions and to consider these as the sums of all possible plane waves obtained when
the incident wave undergoes multiple reflections from the boundaries of the layer, In
fact, by using the ray pattern of the multiple reflection of plane waves in an elastic lay-
er, we can analyze the propagation of these waves graphically, In this analysis it is ne-
cessary to associate to each ray of the longitudinal or shear waves a continuous or a dot-
ted line, respectively, and to regard it as an edge of the graph; points of ray reversal
then become the boundary points of an edge or the vertices of the graph, being indicated
by dark circles on the lower boundary and by open circles on the upper boundary, Then
each configuration of the scheme is a graph, Putting each edge of the graph into corre-
spondence with the analytical expression for the potential of the corresponding plane wave,
and making each vertex correspond to the coefficient of reflection of this wave, then, to
the graph in its entirety there will be associated the analytical expression for the total
potential of the plane waves in the elastic layer,

There exist four graphs such that the analytical expressions

My My, My, M,

(M2 = Mq_/fo, M2 =M, /g, i=1,2)

associated with them represent the sum of all the plane waves propagating in the layer,
with angles of incidence ® for the longitudinal waves and 1 for the shear waves, Here,
and in what follows, quantities with the subscripts / and ¢, respectively, will refer to
longitudinal and transverse waves,

Cutting an arbitrary graph at a vertex, we obtain three parts, one of which is the inci-
dent wave written in explicit form, the other two being graphs of the same type as the
original one, What this means, in fact, is that the graphs thus obtained anew represent
the sum of all the plane waves if in them we consider as the "incident" wave the first
reflected wave, A similar operation with the remaining graphs enables us to mutually
interrelate them and thus to obtain a closed system of equations for them,

A section of the graph M,° along the line ac (Fig, 2) yields, to the right, a sum of
graphs of the type M;° and M,°

Mlz - F ‘]_ I/(Z *ﬂ[ + V(%)*JW (2. 1)

F,=explb, (z—zﬂ)]J—V(Z)C\P[bl (2h —z —z0)] (2.2)
V& exp [b; (b — z0) + b, (b —z)]

VRt =V exp (26 (h—z)), b =ikcos

VPt =V expl(b, ) (h—3p)l, b =incosy
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Here V;;®, v, v,,Y and 7,0 are the reflection coefficients of the plane waves;
the superscripts =1 and 2 refer to waves reflected from the lower and upper bound-
aries of the layer, respectively [1, 3], The terms onthe right side of Eq, (2, 2) correspond
to the incident wave and the two reflected waves,

The graph M;° yields the following equation

° » © 1)* °©
My = Vg%) My, + Vgt) My,
VI =V exp @bzy), VI =V exp [(b; + b)) 7,
The absence of terms analogous to F; in Eq, (2,1) stipulates that the incident wave is

nonreal (line with a tilde in Fig, 2) and that the reflected waves have already beentaken
into account in Mp;° and M.° as incident waves,

3, General solution of the system, Applying an analogous procedure to
the remaining graphs, we obtain a closed system of equations with respect to M;;® and
M;;° (i = 1, 2). It can be written in the matrix form

F, M| -1 o0 Ve
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Expressions for V'Y and v, @ are obtained from v,,®" and V;%" by interchanging
the subscripts { and ¢.

Solving this system of linear equations, we obtain

M= A-V(F T+ FS), My = A1 R+ FQ)
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P (i) = Vv — v
The values for M° and M;° are obtained from Af,;° and M;° by replacing the sub-
script [ by ¢, respectively,

Each graph contains sums of both longitudinal and shear waves; these are, however,
easily separated, since at a point (z, y, z) the waves have wave vectors of corresponding
type preceding the coordinate in the exponents of the expressions for F; and Fy.

The total potential ¢ (¥, &, z, z,) for the plane waves of compression (without taking
into account the denominator A and the dependence on z and y) can be written in

the form ¢ (9, &, 2, 5) = 2, (z,) exp (b,2) -+ ¥ (z0) exp (— b,2) (3.2)
in which (3.9)
Z, () = [fo (T, 4= R)) + gy (S, -+ Q)] exp (— byzy)
Y, (z) = 2, (29) VP exp (2b) + VP [, (S, F+ Q) +
g0 (T, RY1exp [(b, + b)Y h — ]
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The expression for the total potential (¥, k, 2, 30) for the plane shear waves is ob-
tained by interchanging the subscripts / and ¢ ,and also f, and &, in Eqs, (3,2) and
(3.3

The potentials of the complete sound field for longitudinal and shear waves in a solid
layer have the form o 1/ 9—ico

Q= BeS ket gp g %—— @ (0, k, z, 20) UL (krsin @) sin 8 d®  (3,4)
[ —nf2-}ico
(there is an analogous expression for ¢ ), Here Holl' (kr sin 9) is a Hankel function of
the first kind,

By letting the layer thickness » become infinite, we obtain, in the lirnit, the problemn
concerning the reflection of waves from the interface of two media, If, in addition, we
assume that the wave vector has a small imaginary part, we can neglect the terms of
order exp (b;h) and exp (b;h) in the resulting expressions, As a result, we obtain

A =1, y; =0
Z,(2g) = fo [exD (— by2g) + Vi exp (byzg) + 8oV} exv (02)

and for the potential of the longitudinal waves we obtain the expression given in [1],

4, Normal waves, We consider perturbations associated with the poles of the
integrand functions in the expressions (3, 4), The poles satisfy the equation A = 0, Let
¥ = ¥, be simple solutions of this equation, Then in the case of a harmonic radiation
mode we have sin ﬁktp (ﬁk, k, z, zo)

Q= Re% @a )T, HY (kr sin 9,)

(there is an analogous expression for ¥ ),

Taking the relation (3, 2) into account, we can represent each normal wave as a sum
of plane waves running in opposite directions along the z-axis, On the lower boundary
of the layer the waves of order exp (— b;2) and exp (— b;z) are incident waves; those
of order exp (b;2) and exp (b,3) are reflected waves, The situation is just the reverse
on the upper boundary of the layer, Using the boundary conditions, we obtain the rela-
tions for Z; (), Z; (20)» Y, (2) and Y (z), which were given in [1], Thus, the results
obtained by use of the method of this paper agree with the known results for normal waves
in a solid (see [1]),
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